Math 109 Calc 1 Lecture 33

Substitution 5.5

Before we get to today’s main subject, I’d like to review some indefinite integrals that we
already have some experience with.

Il dx =In|x|+C
X
We can expand this a little

idx:ln|x+a|+C
X+a

This looks the same because when we use the chain rule on this function di x+a=1
X

One more enhancement

j L dx=lj 1 dx=£|n|x+a/b|+C
bx+a b’ x+alb b

Now look at the following integral

2
J~x +3x+1dx

X+1

Unfortunately, we can’t factor the numerator, so there is no chance on a nice
simplification. However, we can just try long division and see what happens.
X+2

x+1ix2 +3x+1

X2 + X
2X+1
2X+2

-1

So, we have

2 2
dex= x+2—idx:x—+2x+ln|x+]4+c
X+1 X+1 2

This technique can come in handy.



Examples: to try in class
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Substitution

We start with the chain rule:

dy _dy du wherey = f (x) and u=g(x)

dx du dx

So, in Newtonian notation

[ F(g(x)]'=1"(a(x)a'(x)
9(x)

Note that d—u = i
dx dx

As a matter of notation, we write this as
du=g'(x)dx

Keep in mind, that this is notation, not the multiplying of the denominator of a fraction.

If we integrate both sides of the equation, we get
JLt(g00)]ax=t(a(x)=[f(g(x))g'(x)dx= f*(u)au
This gives us the substitution formula for indefinite integrals

I f'(g(x))g'(x) dx :I f'(u)du

This provides us with a technique for evaluation integrals in a more direct way than the
reverse engineering we've been using.



Example:
J'\/2x+1 dx

u=2x+1

du

—=2
dx

We use a notational convention here, acting like du and dx are separate quantities, which
they are not.

du =2dx—>dx=%du

Substituting we get
J.\/2x+1dx:jf%du :%us/z +C

The last step is to substitute back for x.
%u” +C :%(2x+1)3/2 +C

We can check this easily by finding the derivative

di%(Zx+1)3/2 (2x+1)"240=2x+1

+C=§~
X 2

1
3



There is sometimes more than one substitution that will work.

With the intent of getting rid of the square root we let

u®=2x+1
So, we have
u=+/2x+1
Using the notational shorthand again, we get
du = ! dx
2x+1
or

du=1dx—>dx:udu
u

Now we can do the substitution as follows

3
J\/2x+l dx:I\/u_z-udu :ju-udu :qudu :%+C
Now substituting back, we get

3
u? (2x +1)3/2 +C

Wk

Note: Not every substitution will work. With some practice you will learn to guess
correctly.



Example:

1
Il+ﬁdx

To eliminate the square root, we let x=u’oru = x/;
This gives us dx = 2u du

Substituting we get

1 1 2u
dx = 2udu=|——du
I1+J§ I1+u 1+u

Now we use the technique we saw at the beginning of class

2
u+1)2u

2u+2
-2

So, we have

2—udu = Z—Ldu =2u—2|n|1+u|+C
1+u 1+u

Now we substitute back

2u—-2In[l+u[+C :2\/;—2In‘l+\/;‘+c



Example:

X dx
4x?

N

Here we let u =1—4x>

du = —-8x dx xdx:—d—u

du

SR SO i SPTPRY S GRCUR IR PR S PR
I T dx J-SJJdU J.\/G( 8) SL/Jdu 8(2u )+C
Substituting back

—%(2u]/2)+c =—%«/1—W+C



As an alternative:

1.
X==sinu
2
dx:icosu du
2

Substituting

Ide = J'&icosu du
J1-4x2 J1—sin?u 2

Since
1-sin®u =cos’u

J1—sin%u = cosu

1.
—sinu
2

Substituting back, since
sinu_1-cos’u
4 4

1, )
X=ESII’]U—>X =

1-cos’u
=
1—cos®u = 4x
cos’u=1-4x

cosu = \/1—4x

X 1 ——=
S0 | ——dx=—-=41-4x*+C
'[\/1—4x2 4

Iﬁ—cosud :—Iﬂcos du——jsinudu:—
—sin?u 2

cosu



Definite Integrals and Substitution

Recall the first Problem

Sxrldx=tu rc=t(axs1)? 1 C
I 3 3

4
We can evaluate the integral J\/Zx +1dx in two ways
1

1 3/2 4_1 )/ 2]
[5(2x+1) 1_5[932—332]_9—\/5
Or noting that when x=1 u=3 and when x=4 u=9
R o I ¢ B
Plugging in g[u ]3 —5[27—&@]—9—«@

This Substitution rule for definite integrals looks like this:

b g(b)
! f'(g(x))g'(x)dx= ([1) f'(u)dx

One more example:

IInTde

Substitute u =Inx
dx

du=—
X

2 2

Imedx=judu=u?:ln2X+C

A quick check

d In®x 2Inx 1 In x
+C= —4+0=—-
dx 2 2 X X




Example:

Examples: to try in class

4

Jidx

s VX+4

Try u=x+4

J cos(x) »

1+sin®(x)



