Math 109 Calc 1 Lecture 32

Indefinite Integrals 5.4

If we have a function f (x) and its antiderivative F (x)
b
recall that F'(x) = f (x) and [ f () dx=F (b)~F(a)=[F(x)].

It is handy to have some notation to refer to this function F (x) which we call an
indefinite integral.

Unlike the definite integral, this is not a number. This is a function of x or rather a family
of functions.

For example:

2
jxdx = X? +C where C is any constant C e R

The connection between an indefinite integral and a definite integral is that a definite
integral can be found by evaluating an indefinite integral at its end points.

b

.:f f (x)dx = U f (x)dx}

a



We already know a wide variety of antiderivatives, which I will summarize

n+l 1
Ix"dx: X +C forxe-1 _[—dx=|n|x|+C
n+1 X
'[exdx =e"+C

_[sm x)dx =—cos(x)+C

jcos x)dx =sin(x)+C

_[sec x)dx =tan(x)+C

jcsc (x)dx=—ctn(x)+C

jsec x)tan(x)dx =sec(x)+C

jcscz (x)ctn(x)dx =—csc(x)+C

J' X21+1dx =tan™(x)+C

dx =sin™(x)+C

I

jsmh x)dx = cosh(x)+C

jcosh x)dx =sinh(x)+C

Some formula’s and patterns that will be useful for evaluating definite integrals.

Icf x)dx = CI

jkdx:kx+c

I dx J' dx+jg

n+1

Ix”dx: X +C forx=-1
n+1
d n+l
As a check — +C=x"+0=x"

dx n+1




An Important pattern

f(x)

I—dx:ln‘f (x)]+C  This comes up alot, e.g.

f(x)

I 2X+1
X2+ x+4

dx

Since i(x2 +x+4)= 2x+1
dx

J’ 2x+1

- dx:ln‘x2+x+4‘+C
X" +X+4

Another pattern

incei " = (=) F ()™ (x)=—n f(x)
Since 109" =(n) 109" F () =-n [ 7

we havefmdx = —(ij#w
n-1

F(x)

Example:

I (xzil)z i

We know that i(x2 +1) = 2x
dx

X 1 2X 1( 1) 1 1) 1
Sowehavej.mdx=gj(x2+1)2dx:§[—isz—+l+c=[—§]X2—+l

Example, find: jsec(x)tan(x) dx , not using the obvious antiderivative:

_sin(x) dx=j sin(x) dX:_J-—sin(x)dx

3 1
J'sec(x)tan(x)dx _Icos(x) cos(x) cos(x) cos(x)

But [cos(x)]l =—sin(x)

So we have jsec(x)tan(x)dx=—[ L J+C—



Yet Another Pattern

Recall that isin‘l(x) =
dx 1—x?

Quick Review, how do we know this?

ay_1
dx  dx
dy
If x=sin(y)then j—;:cos(y)
dy 1 1

cos( \Ill sin?(y) \/1—x2

So clearly, we have I dx =sin™(x)+C

1
NG

Since ix2 =2X
dx

sm +C

jﬁdx__j Vz

A similarly useful formula

j () ~dx=tan™"(x)+C

1+ f (x)



Net Change

We can rewrite
b

jf(x)dx:F(b)—F(a)

a

as
b

IF'(x)dx= F(b)-F(a)

a

Where F (x)is the rate of change of F(x)

Example:

Consider a reservoir which has water flowing into or out of it at a rate of V' (t)

SoV(t,)-V(t)= jtzv' (t)dt is the change in the amount of water

4

between time t, and t, .



Displacement vs. distance traveled.

Consider a train that travels back and forth on a straight rail at a velocity according
to this graph.

v

u(t)

§ /4]
A,
0| o W Lot

If you wish to know its displacement, then

t
displacement=A — A, + A, = Iv(t)dt
b

If instead you want to know the distance traveled, then you want

distance = A + A, + A, = tﬂv(t)‘ dt



Example:

A particle has velocity v(t)=t*-t—6
Find the displacement and distance traveled between 1 and 4 seconds:

4

displacement = I(t2 —t—6)dt=

distance = jﬂtz —t— 6‘ dt
1

Find where the direction changes: t* —t—6=(t—3)(t+2)=0
So it changes at -2 and 3 seconds.

.‘ﬂtz_t_G‘dt:_Sﬂtz_t_G‘dt-%jt‘tz—t—G‘dt:
1 1 2

3 42 3 3 42 4
U U sl Bt gt
3 2 ) 3 2

9—9—18 S ‘ ‘——8 24— 9—%—18j‘=

6

‘ 44 17 _61



Try in Class

4

J\ﬁdx

1

3
j(x+1)(x—1)dx
-1

_Js](x+1)(x—1)‘dx

cos(x) y
J.sin(x)s ‘

dt

t°—4t* +t° -8t +5
.[ t2




