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Derivatives and the Shape of Graphs 

Section 4.3 

 

The tools we have to connect an equation to a graph. 

 

The roots are where ( ) 0f x =  

 

If ( )' 0f x  on an interval, then the function is increasing,  

 

If ( )' 0f x  on an interval, then the function is decreasing 

 

If ( )' 0f x =  at a point then function may have a maximum, minimum or neither at this 

point. 

 

The first derivative test 

 

If ( )'f x  goes from + to – at c, then there is a maximum 

 

If ( )'f x  goes from – to + at c, then there is a minimum 

 

Concavity 

 

If ( )'' 0f x   then ( )'f x  is increasing so the graph is concave up 

 

If ( )'' 0f x   then ( )'f x is decreasing so the graph is concave down 

 

The Second Derivative Test 

 

If a function ( )f x  has a second derivative that is continuous near c, 

 

If 𝑓′(𝑐)  =  0 𝑎𝑛𝑑 𝑓′′(𝑐)  >  0 then ( )f x  has a local minimum at c. 

 

If 𝑓′(𝑐)  =  0 𝑎𝑛𝑑 𝑓′′(𝑐)  <  0 then ( )f x  has a local maximum at c. 

 

If 𝑓′(𝑐)  =  0 𝑎𝑛𝑑 𝑓′′(𝑐)  =  0 then ( )f x  has a point of inflection at c. 

 

If ( )'' 0f x = at a point, then it is a point of inflection where the function switches 

concavity 



Example: 

 

( ) ( )sinf x x=  

( ) ( )' cosf x x=  

( ) ( )'' sinf x x= −  

 

 
 

 

Note the roots of ( )f x at 0,  , 2  

 

At 
2


and 

3

2


( )' 0f x = so the function can have a maximum and minimum. 

On the interval ( )0, ( )''f x is negative so the function is concave down 

On the interval ( ), 2  ( )''f x is positive so the function is concave up 

At 
2


( )''f x is negative so the function has a maximum 

At 
3

2


( )''f x is positive so the function has a minimum 

At 0,  , 2 ( )'' 0f x = so the function has a point of inflection.  

 

 

1 2 3 4 5 6 7 8

f''(x)=-sin(x)

f'(x)=cos(x)

f(x)=sin(x)



Example: 

Let’s look at the function ( ) 4 3 23 4 12 5f x x x x= − − +  

 

The graph looks like this. 

 

 
Using the rational root theorem, we can find that -1 is a root twice. 

 

( ) ( ) ( )
24 3 2 23 4 12 5 1 3 10 5f x x x x x x x= − − + = + − +  

Using the quadratic formula, we can find the remaining two roots 

 

5 10

3


 .613 and 2.72 
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The derivative is 

 

( ) ( )( )3 2' 12 12 24 12 2 1f x x x x x x x= − − = − +  

Its graph looks like this: 

 
 

On the interval  ( ), 1− −  ( )' 0f x  so the function is decreasing 

On the interval  ( )1,0−  ( )' 0f x  so the function is increasing 

On the interval  ( )0,2  ( )' 0f x  so the function is decreasing 

On the interval  ( )2,  ( )' 0f x  so the function is increasing 

 

The derivative has roots at {-1,0,2} so these are critical points. 

 

The derivative goes from – to + at -1 so this is a minimum 

 

The derivative goes from + to - at 0 so this is a maximum 

 

The derivative goes from – to + at 2 so this is a minimum 
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The second derivative is  

 

( ) ( )2 2'' 36 24 24 12 3 2 2f x x x x x= − − = − −  

 

The graph looks like  

 
 

The roots are at  

 

1 7

3


 -.55, 1.21 

 

So, these are points of inflection on ( )f x  

 

On the interval ( ), .55− −  

If ( )'' 0f x   so the graph is concave down 

On the interval ( ).55,1.21−  

If ( )'' 0f x   so the graph is concave up 

On the interval ( )1.21,  

If ( )'' 0f x   so the graph is concave up 

 

Also note that  

 

( )'' 1 12 0f − =  so, this is a minimum 

( )'' 0 24 0f = −  so, this is a maximum 

( )'' 2 6 0f =  so, this is a minimum 
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