
Math 109 Calc 1 Lecture 17 

 

Linear Approximations 
 

Section 3.10 

 

Linear approximation is a technique you may run into in the sciences, economics or other 

fields.   It is an applied mathematical tool that can be used when dealing with real world 

measurements where exact answers are not necessary. 

 

 

We start with the derivative formula. 

 

𝑓′(𝑥) = lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

 

If we relax the condition that h goes to zero, but rather just require h to be small, we can 

get an approximation: 

 

𝑓′(𝑥) ≈
𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

 

We can rearrange this as 

 

ℎ𝑓′(𝑥) ≈ 𝑓(𝑥 + ℎ) − 𝑓(𝑥) 

 

or  

 

𝑓(𝑥 + ℎ) ≈ 𝑓(𝑥) + ℎ𝑓′(𝑥) 

 

This says that if we know 𝑓(𝑥) and 𝑓′(𝑥) then for small h we can approximate 𝑓(𝑥 + ℎ). 

 
 

  



Example: 

 

Let 𝑓(𝑥) = √𝑥, approximate √104 

 

𝑓′(𝑥)  =  
1

2√𝑥
 

 

𝑓(100 + 4) ≈ 𝑓(100) + 4𝑓′(100) = √100 +
4

2√100
= 10 +

1

5
= 10.2 

 

The actual value of √104 ≈ 10.198 so this approximation is 
.002

10.2
× 100 = .02% 

 

The formula for this relative percent error is 

 

%Error = 100 ×
 ℎ𝑓′(𝑥)

𝑓(𝑥)
 

 

Example: 

 

A sphere of radius 3 in is incorrectly measured to have a diameter of 3.1 inches. 

a) Estimate the error in the volume 

b) Find the relative percent error 

 

 

𝑉(𝑟) =
4𝜋

3
𝑟3 

 
𝑑𝑉

𝑑𝑟
= 4𝜋𝑟2 

 

𝑉(3 + .1) − 𝑉(3) ≈ 𝑉′(3)(.1) = 4𝜋32(.1) = 3.6𝜋, the error in volume 

 

100 [
𝑉(3 + .1) − 𝑉(3)

𝑉(3)
] ≈ 100 [

𝑉′(3)(.1)

𝑉(3)
] =

3.6𝜋

36𝜋
= .1% 

  



In Class Problems 

 

 

 


