Trigonometry 16 Mathematics 108
Complex Numbers in Polar Coordinates

We are going to apply what we know about polar coordinates to the complex number
plane.

We will use the variable z to mean a complex number, so we have
z = a+ bi where a and b are real numbers.

We write the complex conjugate of z
Z =a-bi

If multiply a complex number times it's conjugate we get
2z = (a +bi)(a —bi) =a’ +b’
We define the modulus of z as

z:\/zz_*z a’+b’
g v

From this diagram

Z=X+yi

We see that |z]| =[x’ +)° =R



We can then rewrite the value of z as
=R (i 4 iz)
R R
But clearly X —cos@and 2 =sind
R R
So finally we can write
z=R(cos@+isinb)

This is the polar form for a complex number. That is

x+yi=R(cos@+isinb)

Example:

Put z=3+4i into polar form

R=|z|=z" = [(3+4i)(3-4i) =9 +16 =5

SO

Using our polar conversion we see that

@ = arctan (%j ~.927

Since this is in the first quadrant, the sign is correct.

So we have
z=5(cos(.927)+isin(.927))

Converting back to the form a + bi is obviously straight forward.



Multiplying and Dividing complex numbers in polar form

Let's look at what happens when we multiply two complex numbers in polar form.

Take the numbers at coordinates (R,,6,) and(R,,6, )and multiply them.

R (cosd +isinf,)-R,(cosb, +isinb,) =

RR,(cos6, +isin6,)(cosb, +isinb,)=

R R, [cos 6, cos b, +isin 6 cos §, +icos b sin b, —sinf sin 6, | =
RR, [0056’1 cos @, —sin 6 sin 6, +i(sin 6, cos 6, +cos 6 sin 6, )} =

RR, [cos(é’1 +6,)+isin (6, + 6’2)}

That's quite amazing.

What it says is that when you multiply two complex numbers, you have to multiply their
moduli which are real numbers, but you just add their angles.

If two complex numbers have modulus 1 then
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Example:

T .. T
z, =2| cos— +isin—
( 4 4)
T, T
zZ, :5(cos—+zsm—j
3 3
T )\ .. (7n =& e .. Ix
z,z, =10| cos| —+— |+isin| —+— | |=10| cos—+isin—
3 4 3 4 12 12

Similarly we can show for division that

R (cos6, +isind,) N
Rzl(cosé’; em 012) =RR, [cos(é’1 —0,)+isin(6, —02)]




De Moivre's Theorem

Note that if we multiply

z> =R(cos@+isind)-R(cosf+isinf) we get
2> =R*(cos 20 +isin20)

This suggests that

z" = R" (cosnf +isin nd) for all positive integers 7.
Which can be proved using induction.

Example:

Let z:l+li and find z'"
2 2

First put z in polar form

@ =arctan(1) :% )

z —L cos£+isin£
2 4 4

o (1Y'( 10z .. 1oz
z =|— COS +1S1n =
V2 4 4

1 Sm Sz
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32 2

2
1 T
— os—+zs1ncos— =—z
Al )




We can also see that

{R”” (cosgﬂ'singﬂ =R(cos@+isinf)

n n

So this also works for n a fraction.
So we can find complex roots of a number.

Example:
Start with the equation x® =—1. This should have 6 roots, so let's find them.

z= 1-(cos(ﬁ+27zn)+isin(7z+27zn))
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So the 6 roots are +i, iTi
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HW: 8.4 29, 30, 31, 49, 50, 65, 66, 83, 85



