Trigonometry 12 Mathematics 108
Addition Subtraction Formulas

We're going to search for a summation formulae for the cosine of the sum of two angles:

cos(x+y)="?

The proof we will show is a little obscure. You are not responsible for the steps,
however you will need to know the result.

We start with a unit circle with point A at the coordinates (1,0) and point P an arbitrary
point in the first quadrant.

We label the angular size of arc AP tl
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Next we add an arbitrary point Q in the 2nd quadrant and label the angular size of arc
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Next we construct a point R in the fourth quadrant such that ID—Q\ = 4R

Unit Circle
Q r2

r1

A (1,0)

r2




Since r1+r2 = r2+rl, we have @ = PR and so also A_Q = PR
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That's the geometric setup for our proof.



The angle measure of an included
The coordinates of A are (1, 0)

The coordinates of Q are (cos(r1+r2), sin(rl+r2))
The coordinates of P are (cos(rl), sin(rl))

The coordinates of R are (cos(-12), sin(-r2))
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Using the distance formula and setting A_Q = PR we have:

\/[cos(r1 +7f2)—1}2 +|sin(r +1) O]

\/[cos(rl )—cos(-r, )] +| sin () —sin (-, )}2

Squaring both sides:

[cos(r1 +r2)—1]2 +sin’ (”1 +r2):

[cos(rl)—cos(r2 )T + [sin(rl)Jr sin(r2 )T
Expanding:
cos’ (1, +r,)—2cos(r +r, )+ 1+sin’ (1 +7,) =

cos’ (1) —2cos(r )cos(r,)+cos” (1, )+

sin” (7 )+ 2sin (7 )sin(r, ) +sin’ (7, )
[cos2 ( +r2)}—2cos(r1 +r2)+1+[sin2 (7 +r2)] =

_cosz( )}—2cos(r1)cos(r2)+[cosz(rz)]+
sm( )]+2s1n( )sin(r, )+[sin2(r2)]




—2cos(r+n)+2=

—2cos(r;)cos(r,)+1+2sin(r )sin(r, )+1

Subtracting 2 from each side and dividing by -2
cos(r +r,)=cos(r;)cos(r,)—sin (s )sin(r)

This is the cosine summation formulae

cos(x+y)=cos(x)cos(y)—sin(x)sin(y)

Plugging in -y for y and simplifying using odd/even identities

cos(x — y) = cos(x)cos(y) + sin(x)sin(y)

We can write this

cos (£ ) = cos(x)cos() 5in (+)sin (1)



The derivation for sin(x+y)

We us our co-unction deniy
cos(900 —(x+y)) =sin(x+y)
We e-amangethe f sideand expand
sin (x+y) = cos((90°" ~x) - y) =

cos (90" —x)cos(—y)—sin (90" —x)sin(-y) =
in () cos ) ~cos (x)(~1)sin(y) =
(

sin(x)cos(y)+cos(x)sin(y)

sin (x + y) =sin(x)cos(y)+sin(y)cos(x)
Substituting -y for y

sin(x + _y) =sin(x)cos(—y)+sin(—y)cos(x)
Using odd/even identities it becomes

sin(x—y) =sin(x)cos(y)—sin(y)cos(x)



To find tan(x+y):

sin(x+ y) _ sinxcosy+sin ycosx

t =
an(x+7) cos(x+y) cosxcosy—sinxsiny

| sin x N sin y
SIN X COS +SIN yCOSX COSXCOSy _ COsx cosy _ tanx+tany
COSX COS ¥y —sin xsin y 1 _1_ sin xsin y _l—tanxtany
COS X COS ) COS X COS Y

SO:

tan(x) + tan(y)

tan(x+y)= | —tan (x)tan(y)

Similarly:

tan (x) —tan (y)
1+ tan (x) tan(y)

tan(x—y) =



Using the formulas

(a) cos75" = cos(45° + 30°)

V4 T T
(b) cos (E] = Cos (Z —gj



Double Angle Formulas:

cos(2x) = cos? (x) —sin? (x)

i e s ety gttt el s
cos(2x)=2cos” (x)-1
e
cos(2x)=1-2sin’(x)
e et doutl s the bcomes

2 tan (x)
1—tan” (x)

tan (2x) =
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