Lesson Plan 11 - Basic Approaches & Integration by Parts 7.1, 7.2
1) Take attendance
2) Return MidTerm
3) Questions on Homework
Chapter 7.1

We're now going to discuss some basic approaches to integration.

There are some common derivative/anti-derivatives that you should know.

Iseczxdx tanx+C

Isecxtanxdx secx+C

j 1 I sin x+C

1—x?

J‘ 1 d sec” |x| +C
xV1=x?

J-cscz x dx —ctn x+C

Icscxcosxdx —cscx+C

J‘ 1 I tan” x+C
1+ x?

Common integrals and integral tables.
Pass out a table of integrals from the back of the book.




Sometimes, you need to do some manipulation before a substitution will be obvious:
Example 1

J-;dx

e +e”

First multiply the top and bottom by e*

1 1 e’ e’
Nowwehavej — dx:I : ,x'_xdx:j g
e +e ef+e " e e’ +1
Now substituting
u=e"

du=e"dx

X

1
jzf dx:I —du=tan" u+C=tan"' €' +C
e +1 u +

It's always a good idea to split up fractions, and convert trig functions to sines and
cosines:

Example 2

+ 3
Cos x +sin’ x .
J-— dx = J-cosz X dx+J-sm3xcosx dx
secx

1+cos2x

2
The second integral can be solved easily with the substitution u =sin x.

The first part we can solve using cos2x =2cos” x—1— cos’ x =

Example 3
Division with rational functions:

2
j%dxzj(x—ﬂdxﬁ[xzé‘ dx



Example 4
Complete the square

j ! dxz_[ ! dxzj;dx
1/—(x2+8x+7) \/—(x2+8x+16)+9 1/9—(x+4)2

Substituting u = x +4 we get

! S

Substituting here u =3v

3dv:sin‘l(x;4j+C

1 i
j\/ﬁduzja/ﬁ

Example 5
Multiplying by 1

j 1 dxz.[ 1 .l—cosxdx:J- 1—cosx dxzjl_cosxdx:

1+cosx l+cosx l—cosx 1—cos’ x sin’ x

1 COS X
j — dx—j — dx:jseczxdx—jcscxcotxdx:—cotx—cscx+C
sin” x sin” x



7.2 Integration by parts

We start with the product rule:

[/ () ()] =1(x)g(x)+f(x)g'(x)

We integrate both sides giving
JIr@)e()]=]r(x)g(x)+]/(x)g'(x)

On the left integration and differentiation cancel
S()g(x)=]1"(x)g(x)+ ] f(x)g'(x)

Subtracting the first part of the sum we get
J7(x)g'(x) =1 (x)g(x)- ]/ (x)2(x)

So given a function broken up into a product f (x)g'(x)

we can transform it so that instead of integrating /' (x)g'(x)
we integrate /'(x) g (x)

Whether this is a good idea or not depends on whether the 2nd function is
easier to integrate than the first.



Example 1:
Find J-xexdx
We have a few choices here but thinking that x’=1 is pretty simple, we set

f(x)=x g'(x)=¢" then
)= (r)-e

So Ixe"dx =xe" —jl-exdx =xe' —e +C
In this case it might be good to see how this works in reverse:

d
d—xex—ex+C:(xex+ex)—ex+0:xex
X

Example 2:
J- xsin x dx

Again removing the x by setting it to f{x) might work.

f(x) =X g'(x) =sinx then
f(x)=1 g(x)=—cosx

So Ixsinxdx:—xcosx—j—cosxdx:—xcosx+sinx

Example 3:

J-ln xdx Here we want to get rid of In x.

f(x)=Inx g'(x)=1 then

fi(x)=+ g(x)=x

J-lnxdx:xlnx—jzdxlenx—erC
X



Example 3:

J- x - dx

(1 + xz)
1 —4x

Note that 4 > = T, 50 let
dx(1+x2) (1+x2)

__x_2 (x)= 4 en
e S e
(x)=-= X)= !
e RO v
j x’ :_x_2 1 3 -X _ —x’ 3 1
(1+2%) 4 (1) T2(tex) a(teat) 4(1+27)

Example 4: Definite Integration

Jl‘tan1 x dx

f(x)=tan"x g'(x)=1 then
1 — 1 —

- (r)=x

1

1 1
jtanlxde[xtanlx—j X zdx} :{xtanlx—lln(l+x2)} =
0 1+x 0 2

0

1 : 1 1 7 In2
{xtan"lx——ln(lerz)} =tan '1-—In2-0+—Inl==-—=
2 0 2 2 4 2



Example 5: Repeated Integration by parts

J-)cze)C dx
f(x)zx2 g'(x =e¢" then
f'(x):2x g(x)ze)C

J-xexdx
f(x)=x g'(x):ex then
7= £(r)=¢

jxexdx =xe* —Ie"dx =xe' —e =¢ (x—l)

szexdx =x’e" —ZI xe'dx = x*e" —2é" (x—l) =e" (x2 —-2x+ 2)

Pass out Handout 11



